Abstract. In this paper we prove that a complete spacelike hypersurface M n in de Sitter space such that its image under the Gauss map is contained in a hyperbolic geodesic ball of radius is necessarily compact and its ndimensional volume satisfies ωn/cosh( ) ≤ vol(M ) ≤ ωncosh n ( ), where ωn denotes the volume of a unitary round n-sphere. We also characterize the case where these inequalities become equalities. As an application of our result, we also conclude that Goddard's conjecture is true under the assumption that the hyperbolic image of the hypersurface is bounded.
Introduction
Let L n+2 be the (n + 2)-dimensional Lorentz-Minkowski space, that is, the real vector space R n+2 endowed with the Lorentzian metric tensor , given by v, w = = {x ∈ L n+2 : x, x = 1}.
As is well-known, for n ≥ 2 the de Sitter space S n+1 1
is the standard simply connected Lorentzian space form of positive constant sectional curvature. A smooth immersion ψ :
⊂ L n+2 of an n-dimensional connected manifold M n is said to be a spacelike hypersurface if the induced metric via ψ is a Riemannian metric on M n . As is usual, the spacelike hypersurface is said to be complete if the Riemannian induced metric is a complete metric on M n . The interest in the study of spacelike hypersurfaces in de Sitter space is motivated by the fact that such hypersurfaces exhibit nice Bernstein-type properties. In 1977 Goddard [7] conjectured that the only complete spacelike hypersurfaces with constant mean curvature in de Sitter space should be the totally umbilical ones. This conjecture, which turned out to be false in this original statement, motivated the work of an impressive number of authors who considered the problem of characterizing the totally umbilical spacelike hypersurfaces of de Sitter space in terms of some appropriate geometric assumptions. In particular, Akutagawa [2] showed that Goddard's conjecture is true if the constant mean curvature H of the hypersurface satisfies 0 ≤ H 2 ≤ 1 when n = 2 and 0 ≤ H 2 < 4(n − 1)/n 2 in the general case n ≥ 3. As an application of it, Akutagawa also proved that when n = 2 Goddard's conjecture is also true under the additional hypothesis of the compactness of the surface (see also [13] for a simultaneous and independent alternative proof of these facts given by Ramanathan when n = 2). In [10] , Montiel extended this last result to the general case by showing that the only compact spacelike hypersurfaces in de Sitter space are the totally umbilical round spheres.
More recently, Cheng and Ishikawa [6] have shown that the totally umbilical round spheres are the only compact spacelike hypersurfaces in de Sitter space with constant scalar curvature S < n(n − 1). Li [9] and Zheng [14, 15] 
We will refer to the map N : M n −→H n+1 as the future-directed Gauss map of M n , and the image N (M ) will be called the hyperbolic image of the hypersurface. In this paper we prove the following result.
complete spacelike hypersurface in de Sitter space such that its hyperbolic image is bounded. Then M
n is diffeomorphic to a sphere S n . In particular, M n is compact and its n-dimensional volume satisfies the following inequalities:
where stands for the radius of a geodesic ball in H n+1 containing the hyperbolic image of M n , and ω n denotes the volume of a round n-sphere of radius one. Moreover, (1) becomes an equality if and only if M n is a totally umbilical round sphere of radius cosh( ), while (2) becomes an equality if and only if M n is a totally geodesic round sphere (of radius one, = 0).
Our proof depends on the fact that if the hyperbolic image of M n is contained in a hyperbolic geodesic ball centered at a point a ∈ H n+1 , then the projection of M n onto the sphere {x ∈ S n+1 1
: a, x = 0} is a diffeomorphism (see the next section for the details). As an application of our result, we also conclude that Goddard's conjecture is true if the hyperbolic image of the spacelike hypersurface is bounded (see Corollary 1). The corresponding result for the case of spacelike hypersurfaces in the Lorentz-Minkowski space L n+1 states that spacelike hyperplanes are the only complete spacelike hypersurfaces with constant mean curvature in L n+1 whose hyperbolic image is bounded. This theorem was proved simultaneous and independently by Aiyama [1] and Xin [12] (see also [11] for a previous weaker version of this result given by Palmer).
As another application of our result, we also observe that the pinching result given by the second author in [5] for compact spacelike hypersurfaces can be extended to the case of complete hypersurfaces (see Corollary 2).
Proof of the Theorem
Let us assume that the hyperbolic image of M n is contained in a geodesic ball
: a, x = 0} defines a round n-sphere of radius one, which is a totally geodesic hypersurface in S n+1 1
. We will refer to that n-sphere as the equator of S n+1 1 determined by a. We will see then that M n is diffeomorphic to an n-sphere by showing that its projection onto the equator determined by a 
A straightforward computation shows that
for every tangent vector field X ∈ X (M ). Therefore,
where ∇ a, ψ is the gradient of a, ψ on M n , and , S n a denotes the metric on S n a .
Recall that ∇ a, ψ = a , where a denotes the component of a which is tangent to M n , that is,
In particular,
From (6) it follows that Π is a local diffeomorphism. Since , is a complete Riemannian metric on M n , the same holds for the homothetic metric , = cosh −2 ( ) , . Then, equation (9) . This finishes the proof of the first assertion in our Theorem.
As for the volume of M n , using the diffeomorphism Π : M n −→S n a we know that
where dS stands for the n-dimensional volume element of the round sphere S n a with respect to the orientation induced by its future-directed Gauss map a. Using (4) and (5) it follows that
for tangent vector fields X 1 , . . . , X n ∈ X (M ). In other words,
where dV is the n-dimensional volume element of M n with respect to the induced metric and the orientation given by its future-directed Gauss map N , so that
From (3) and (7) we know that
and therefore
Now using (8) we conclude from (10) that
which means that inequality (1) holds. Moreover, this inequality becomes an equality if and only if
that is, if and only if a, ψ = ±sinh( ) is constant on M n and ψ(M ) is the totally umbilical round n-sphere of radius cosh( ) defined by
On the other hand, using now that − a, N
we obtain from (10) that
and inequality (2) holds. Moreover, equality holds here if and only if
which means that a, ψ = 0 on M n and ψ(M ) is the totally geodesic round n-sphere of radius one defined by
: a, x = 0}.
Applications and remarks
As a first interesting consequence of our result we can state the following result, which means that Goddard's conjecture is true under the assumption that the hyperbolic image of the hypersurface is bounded. 
⊂ L n+2 be a complete spacelike hypersurface with constant mean curvature in de Sitter space such that its hyperbolic image is bounded. We know from our theorem that M n is compact, and by Montiel's theorem we can conclude that M n is a totally umbilical round sphere. Actually this can be easily seen by observing that for a ∈ H n+1 , the function u = a, N − H a, ψ defined on M n satisfies ∆u = a, N (trace(A 2 ) − nH 2 ). (11) Here A stands for the shape operator associated to the future-directed Gauss map N , H = −trace(A)/n defines the mean curvature of the hypersurface (which is assumed to be constant), and ∆ denotes the Laplacian operator on M n . In fact, by the Cauchy-Schwarz inequality it follows that trace(A 2 ) − nH 2 ≥ 0 with equality at umbilical points. Since a, N ≤ −1 < 0, equation (11) implies that ∆u ≤ 0 on M n , which is compact, so that ∆u ≡ 0 and M n is a totally umbilical round sphere in de Sitter space.
In [5] , the second named author has recently shown that if the hyperbolic image of a compact spacelike hypersurface M n is contained in a geodesic ball in H n+1 of radius > 0 and the Ricci curvature of M n satisfies the pinching condition
then M n must be a totally umbilical round sphere of radius cosh( ). The proof of this result was a consequence of an integral formula involving the Ricci curvature and the scalar curvature of the hypersurface. As another application of our Theorem, we remark here that this pinching result can be extended to the case of complete hypersurfaces in the following way. ⊂ L n+2 be a spacelike hypersurface in de Sitter space. We will say that the hypersurface itself is timelike bounded in S n+1 1 if there exists a unit timelike vector a ∈ H n+1 such that the function a, ψ is bounded on M n . Observe that, by equation (8) , if the hyperbolic image of M n is bounded, then M n is timelike bounded. It follows from the proof of our Theorem that the following result also holds true.
Corollary 2. Let

Corollary 3. Every complete spacelike hypersurface in de Sitter space which is timelike bounded is compact.
In particular, the only complete spacelike hypersurfaces with constant mean curvature in de Sitter space which are timelike bounded are the totally umbilical round spheres. The corresponding result for the case of spacelike hypersurfaces in the Lorentz-Minkowski space has been recently obtained by the authors in [3] , and it states that the only complete spacelike hypersurfaces with constant mean curvature in the Lorentz-Minkowski space which are bounded between two parallel hyperplanes are the totally geodesic spacelike hyperplanes.
